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1.  Introduction  and  notation.  In  a  very  interesting  paper  Funaki  has  studied  a 
class  of  Hilbert  space  valued  stochastic  differential  equations  (SDE’s)  in 
connection  with  his  investigations  of  random  strings  (Funaki  (4]).  The  work  of 
the  present  paper  is  a  continuation  or  extension  of  [4]  in  the  sense  that  the 
SDE’s  considered  here  may  be  regarded  as  an  abstract  model  for  interacting 
random  strings.  We  do  not  know  of  specific  examples  of  interacting  strings  in 
mechanics  or  physics  to  which  our  results  apply.  However,  a  possible 
application  which  provided  us  with  our  original  motivation,  is  to  the 
asymptotic  behavior  of  voltage  potentials  of  certain  models  of  interacting 
spatially  extended  neurons.  This  application  is  not  considered  here  since  it 
is  briefly  discussed  in  the  recent  paper  of  Chiang  et  al.  [1]. 

The  propagation  of  chaos  for  interacting  particle  systems  has  been 
investigated  in  recent  years  by  several  authors  (see  Funaki  [5]  and  the 
references  given  there).  It  is  natural,  in  the  context  of  the  present  paper, 
to  consider  the  extension  of  such  results  for  interacting  Hilbert  space  valued 
SDE’s. 

The  genera1,  notation  and  plan  of  the  paper  are  given  below. 

For  a  complete  separable  metric  space  E,  #(E)  stands  for  the  family  of 

probability  measures  on  the  Borel  sets  of  E  equipped  with  the  topology  of  weak 

convergence.  For  any  separable  Banach  space  B,  C([0,T],B)  denotes  the  space  of 

B-valued  continuous  functions  on  [0,T]  with  norm  llxll  :=  sup  llx  llR.  If  H  is  a 

0£t£T 

separable  Hilbert  space  we  write  H?  :=  C([0,T],H)  whenever  it  is  convenient  to 
do  so. 

We  begin  by  considering  an  3f-valued  SDE  whose  solution  will  be  denoted  by 
x'Scx?’1 . *)  where  X  is  a  Hilbert  space  which  it  is  convenient  to  take 
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as  the  N-fold  direct  sum  of  a  basic  Hilbert  space  H.  This  SDE  is  our 
interacting  system  with  mean  field  interaction.  The  precise  form  of  the  SDE 
and  the  conditions  on  the  coefficients  will  be  given  in  Section  2.  The 
existence  of  a  unique  solution  is  a  simple  consequence  of  a  result  of 
Dawson  [2]. 

Our  main  concern  is  the  study  of  the  asymptotic  behavior  of  the  sequence 


of  empirical  measures 


j  ..i  !  , 

'=  N  ih  xT 


6^  being  the  Dirac  measure  at  x  €  •€. 


The  tightness  of  P°(X^’*)  *  in  ^(‘g)  is  proved  in  Theorem  2.1  and  the  tightness 
of  Potr1*)-1  in  £(9s(‘g))  is  derived  as  a  consequence  in  Theorem  2.2. 

As  is  to  be  expected,  the  propagation  of  chaos  of  1^  in  which  we  are 
interested  leads  to  an  SDE  of  the  McKean-Vlasov  type.  The  martingale  problem 
for  this  SDE  is  introduced  in  Section  3.  Uniqueness  of  the  solution  is  proved 
in  Theorem  3.2.  The  final  propagation  of  chaos  result  is  established  in 
Section  4  (Theorem  4.8). 

Section  5  is  devoted  to  what  we  believe  to  be  a  new  type  of  result  for 

o 

McKean-Vlasov  SDE’s.  We  assume  that  H  =  L  (G)  where  G  is  a  bounded  domain  in 
R^.  In  this  case  we  are  able  to  show  that  there  is  a  propagation  of  chaos  in 
C(0,T],C(G)).  (Theorems  5.3  and  5.4).  There  has  been  some  recent  interest  in 
obtaining  continuous  versions  of  processes  which  are  solutions  of  H-valued 
Ornstein-Uhlenbeck  SDE’s  (e.g.  see  Iscoe  et  al.  [6]).  Theorem  5.4  referred  to 
above,  is  a  similar  strengthening  of  the  corresponding  propagation  of  chaos 
result. 

To  obtain  this  stronger  result  in  Section  5  we  have  had  to  assume  that  the 
eigenvalue  of  the  operator  A  (which  is  throughout  assumed  to  have  a  discrete 
spectrum)  satisfy  the  condition  An  ~  cn*+^  (c>0,  5>0) .  This  limitation  is 
needed  also  for  the  continuous  versions  obtained  by  Funaki  for  his  equation 
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[4].  With  this  restriction,  Theorem  5.4  is  applicable  to  the  case  when  the 
generator  of  the  semigroup  T  (see  Section  5)  is  given  by  a  strongly  elliptic 
operator  of  order  2m,  provided  2m  >  d.  Unfortunately,  the  last  condition 
excludes  the  interesting  case  of  the  Laplacian  in  three  dimensions.  We 
believe,  however,  that  a  different  approach  to  the  problem  based  on  the  use  of 
the  Galerkin  approximation  might  yield  more  general  results  in  this  direction. 
On  the  other  hand,  it  is  likely  that  such  an  approach  would  require  the 
enlargement  of  the  Hilbert  space  to  some  space  of  distributions  and  bring  the 
results  more  in  line  with  those  of  [1].  Our  aim  in  this  paper  has  been  to 
obtain  our  results  in  C([0,T],H)  itself  and  to  see  under  what  conditions 
propagation  of  chaos  takes  place  in  the  space  of  continuous  functions 
C([0,T]xG)  when  H  is  taken  to  be  L2(G). 

2.  Interacting  systems  of  H-valued  SDE’s  and  tightness  of  r11. 

Let  H  be  a  separable  Hilbert  space  and  let  A  be  a  self-adjoint, 
non-negative  operator  on  H  with  dense  domain.  Suppose  that  A  satisfies 
condition  (A.l)  in  the  appendix,  hence  in  particular  for  some  9<1, 

(2. 1)  A  is  nuclear. 


Let  {X^}  be  the  eigenvalues  of  A  and  be  the  corresponding  eigenvectors. 

_tA 

Then  {<^}  forms  a  CONS.  Let  T  :  =  e  be  the  semigroup  acting  on  H. 

Let  W*,...,W^  be  N-independent  cylindrical  Brownian  motions  on  H  (defined 
on  some  complete  probability  space  (0,?,P)). 

Consider  the  following  equation  for  an  interacting  system  with 
N-components  X1^  =  (X^,1,X^2 . X^,N) 

N 

(2.2)  dX*’1  =  -AX^dt  +  Mt.X^JdwJ  +  a(t.X^,,1)dt  +  ^  2  I(X^’ 1  ,xj* J)dt 
t  t  t  t  t  n  x  x 
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where  b:[0,T]xH  — *  L(H) ,  a:[O.T]xH  — »  H  and  I:HxH  — *  H  are  continuous  mappings 
which  satisfy 

(2.3)  llb(t,h)*kll  S  C2  j 

(2.4)  lla( t . h) II  Z  C2  2 ( 1+llhll ) 

(2.5)  III(hlf S  C2 ^(Hhjll  +  llhgll) 

(2.6)  llb(t.h1)^k-b(t.h2)*kll  i  C2  2(llh1-h2ll) 

(2.7)  lla(t.h1)-a(t,h2)ll  *  ^^(Bhj-hgll) 

(2.8)  III(hrh’)  -  I(h2.h^)ll  S  C2  2{Hh1-h2ll  +  llh'-h^ll). 

for  some  constants  ^2  1  ’  ^2  2  h,hj .hg.hj ,h^  €  H,  t  €  [O.T]. 

Letting  If  denote  N-fold  direct  sum  of  H.  define 

L((hj . h^))  =  (Ahj . Ahjy) . 

It  is  easily  checked  that  L  satisfies  the  condition  imposed  in  the  Appendix. 

*t  :=  <w; . *?)  becomes  an  3f-valued  cylindrical  Brownian  motion  and  (2.2)  can 

be  written  as 

dX^  =  -LX^dt  +  /3(t,X^)dW  +  a(t.X*|)dt 

for  appropriate  /3,a.  It  can  be  checked  that  j 5,a  satisfy  conditions 
(A.5)-(A.8).  Thus  we  have  that  (2.2)  admits  a  unique  mild  solution,  with  paths 
belonging  to  C([0,T],3f)  (see  Appendix).  Let  us  recall  that  by  a  mild  solution 
to  (2.2),  we  mean  that 


5 


(2.9)  X^*1 


N 


-  VS'*  +  =  *  k  j^/oTt-sI(<'1-X»'J)ds- 

Here,  X1*’1  €  C([O.T],H).  The  following  estimate  on  moments  can  be  proved 
exactly  as  in  Theorem  A. 3.  Let 

00 

C2  3  :=  2  5T 
23  k=l  \ 


(Cg  g  <  00  in  view  of  (2.1)).  proceeding  as  in  the  proof  of  Theorem  A. 3.  we  can 
show  that  for  constants  C^.C^  depending  only  on  p,  we  get 

EIIX^’  illp  *  C,EllxJI’1llP  +  C"C0  _Ej*J(l+IIXN,illP  +  ^  2  ll(XN’ jllp)ds 
t  p  u  p  2.3  0V  s  N  ' 

Summing  over  i,  we  get 


N  „  N  „  N 

2  EIIX”*  allp  *  2  C-EMXt:-  1IIP  +  2C"CP  ,C0  -  2  Ej^l+lix"’ V^s 

i=l  c  i=l  p  u  p  Z1  i=i  °  s 


We  can  justify  the  use  of  Gronwall’s  lemma  as  in  the  proof  of  Theorem  A. 3,  and 
thus  get 


2  (1+Elixj?,illp). 

i=l 


So  we  get  for  a  constant  C 2  4  (not  depending  on  N) 
(2.10)  sup  EIIX^*  illp  £  C2  4{1+EIIX^’IIIp  + 


2  EllxJJ,1llP). 
i=l  U 


In  particular,  for  p=2,  we  have 


sup  EIIX^’1!!2  i  C2  4{1+Eiix2’1ll2  +  ^  2  EIIX^’ill2}. 


(2.10)’ 


6 


We  will  fix  a  sequence  of  initial  r.v. ’s  X^j  =  (xjj’  * . X^’^)  for  the 

interacting  system  with  N-components  satisfying  the  following  conditions: 

(2.11)  The  law  of  (X^’* . X^’^)  is  a  symmetric  measure  on  Hx...xH. 

N  1  N 

(2.12)  u0  :=  N  ^  5  n  i  — *  ln  ^(^).  in  probability. 

i=l  Xq’ 

(2.13)  There  exists  a  constant  C ^  ^  such  that  E<‘«2  £  Cg  ^  for  all  N. 

Our  problem  is  to  investigate  the  asymptotics  of 

M  I  N 

(2.14)  I*  :=  i  2  6  €  *(*) . 

i=d  X  ’ 

We  will  prove  that  converges  in  distribution  to  T  €  #(*€)  where  T  is 
non- random. 

We  first  prove 

Theorem  2.1:  Assume  (2.1),  (2.3)-(2.8)  and  (2. ll)-(2. 13) .  Then  PofX^’1)-1  is 
tight  (as  elements  of  #(•€)) . 


Proof :  Let  us  write 


X?'1  =TtxS'1*v? 


where 


<  -  J‘otTt-,M=.<a)dWs  *  J-jTt_sa(s.X^-l)ds  +  i 


+  V*’2  +  v"’3.  say. 

t  l  V 

First  note  that  (2.11),  (2.12)  imply  that  Po(x£j’*)  *  converges  in  ^(H)  to 
and  hence  that  Po(X^’*)  *  is  tight.  From  this  it  follows  that  S£(TX^’*)  is 
tight  in  P(*€)  since  h^  — »  h  in  H  implies  T^h^  — ►  Tth  uniformly  in  t.  By 
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construction,  €  (€.  Thus  to  verify  tightness  of  Sf(V^)  in  9>(<6),  it  suffices 
to  prove  (see  Ethier-Kurtz.  [3]) 

(2.15)  For  all  t>0,  0^t(T,  3K  C  H,  compact,  such  that 

p(v^  e  Kt  t)  >  1-e 

(2.16)  For  0<5<1,  3  r.v.  Z^(5)  such  that  0£t£6,  0£s£T,  s+t<[T 

E[||V^s-A2|/]  i  E[Zn(5)|^] 

and 

lim  [sup  EfZj-fS)]  =  0. 

5i0  N  n 

Since  A  r  is  a  compact  operator  for  all  r>0,  (2.15)  will  follow  if  we 
prove  that  for  some  r>0 

(2.17)  EIIArV^II2  i  C2  g. 

r  2  1  — r 

Then  we  can  take  K  =  (h  €  H:  HA  hll  $  —  •  CL  _}.  K  is  compact  as  A  is 

compact  and  (2.17)  implies 

p(V*?  €  K  )  i  p^—  EIIAr/ll2  *  e. 

L  ti  l  ^  g  ^ 

Now 

(2.18)  EIIArV1J,1ll2  = 


EX'llArTt-sb(s.<,1)l|2.s  ds 


C„  _J^IIArT^  II2  ds 
2.10  t-s  H. s 


00  t  2r  ■2Xk(t_s) 

C2  i  ^  JX  e  k  ds 
z.i  k=1  u  K 


C2.1  tf]^r-(2\)'1 
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and  C0  <  «  if  l-2r  >0.  So  we  fix  r  :=  . 

2.u  3 

Note  that  (2.11  )-(2. 13)  imply  EIIX^,jll2  *  C2  g  and  hence  in  view  of  (2.10). 

(2.19)  sup  E[IIX^’  ill2]  *  2C2.4C2.5  :  =  C2.8’ 

t£T 

Proceeding  as  in  (2.18),  one  can  show  that  for  i=2,3. 

(2.20)  EllAy^ll2  S  eC2  ?C2  8C f  ,. 

(2.18)  and  (2.20)  imply  (2.17). 

For  (2.16).  fix  0<6<1,  0£t<6,  O^s^s+t^T.  Then 


(2.21)  E[IIV^‘-V^1ll2|/>  E[/”SIITt+s_rb(r.x”’1)-Ts_rb(r.^-1)l(ris)ll2.sdr|/] 

*  ^.1(CS“Tt«-rllH.Sd1'  +  J'o"Tt+s-r-Ts-rllH-Sdr 

*  C^tla(6) 


where 


«'(*>  -  J>rllH.Sdr  *  5“J  !l  "Tt+S  -  Tr"S.Sdr- 

t£0 


On  the  other  hand 


(2.22)  ||V^’2-VN,2II2  *  (J*n+SHT  -T  *1,  ,  .ll„  clla(r.X^’ s)ildr}' 

v  /  t+s  s  1  0  t+s-r  s-r  (ssr)  H*S  v  r  ' 

i  <%Aa{6)  •  J*q( l+IIX^J’ 1  ll2)dr . 


Simi larly 


N 


(2.23)  IIV^:3-VN,3II2  S  2C?  ^(fiJ/Ifl+IIX11,1-^  2  IIX^’  jll2)dr. 

t+s  s  x  v  r  n  j  ^  r 


Putting  together  (2.21)-(2.23) ,  we  get  that 


EC<+s-^i|2|^  *  E[UN,1(6)|?^] 


where 


(2.24) 


Now 


U1^ • 1  (5)  =  9 C2  1ct(6)J'J(1+IIX^,1II2  +  J-  2  IIX^' jll2)dr . 


=  9C*aT{1+2C2  8)*a(6)  :=  C2  ga(5) 


and  thus  to  prove  (2.16),  It  remains  to  show  that  cr(6)  — >  0  as  6  — ►  ( 

J^HTrll2  0ds  — ►  0  as  6  — ►  0  follows  from  the  fact  that 
O  ri*b 


4"Tr“H.Sdr  *  ^  ^  < 


For  the  second  term. 


to  t  \.(t+r)  \_r  o 

sup  J'o'ITt+r'TrllH*Sdr  =  sup  *0  1  "e  }  dr 

t<«  O  t+r  r  H  a  t^6  0  k 

.  v  ,  _Xk6  lA2rT  _Xkr, 

<,  2  (e  -1)  Jne  dr 

k  u 

.  -  ,  ~\6  ..2  1 
k  (C  5  ’  \ 


-1 


as  6  — *  0  by  the  Dominated  Convergence  Theorem,  as  <  00 . 

This  completes  the  proof  of  (2.16)  and  hence  it  follows  that  S£(X^’*) 
in  #(<€) . 


As  a  consequence  we  have 

Theoiem  2.2:  Assume  (2.1),  (2.3)-(2.8)  and  (2. i 1 )— (2 . 13) .  Then 

P*^)-1  is  tight  in  £(£(<6)). 

Proof :  For  each  e  >  0,  let  k  be  a  compact  set  in  <€  such  that 


Now 


is  tight 
□ 
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P(X^* 1  t  K^)  1  fc2. 

Such  a  K&  exists  as  P°(X^'*)  *  Is  tight  in  £('€).  Then 

>  o  i  y^) 


-r-  k,\p^'1 


,  1  2 

*  r  * £ 

Let  Dt  =  {A  €  £(<€):  A(K  )  l  l-t2~m  V  m*l).  Then  3t  is  compact  in  9{^)  and 

t  e2 


CO 

Ptr1*  c  or  )  s  2  p(rN(Kc  _  )  >  £2~m) 

£  m=l  e2  m 


$  1  e2  m  =  t. 


3.  Martingale  problem  for  the  McKean-VIasov  equation. 

For  p^.pg  €  ^(H).  let  M(pj,p2)  denote  the  class  of  probability  measures  X 
on  HxH  with  X(ExH)  =  P^(E)  and  X(HxE)  =  p2(E)  for  Borel  sets  E  in  H.  For 
p>0,  let  9  (H)  :=  {p  €  £(H) :  /llhllPp(dh)  <  ®) .  Let  p  :  9  (H)x£  (H)  — »  [0.®)  be 


P  P  P 


defined  by 
(3.1) 


P^r^)  =  inf{  X  llh1-h2llPX(dh1dh2) :  X  €  M(prP2)}. 
p  HxH 


£p(H)  is  a  metric  space  with  the  metric  p^. 
Let  I:  Hx9  (H)  — *  H  be  defined  by 


(32) 


I(h.p)  =  Xl(h,h’ )p(dh’ ) . 


Then  using  (2.8),  we  can  deduce 


III(h1.M1)-I(h2.M2)H  i  C2  2{llh1-h2ll  +  p1(M1.P2)} 


(3.3) 
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For  a  continuous  function  t  — »  pt  from  [0,t]  into  consider  the  equation 

(3.4)  dZ  =  -AZ  dt  +  b(t,Z  )dW  +  a(t,Z  )dt  +  I(Z  .u  )dt 

t  l>  L  L  v 

with  EIIZqII^  <  °>  where  b,a,I  are  assumed  to  satisfy  (2.3)-(2.8).  Then  with  3f=H, 

/v 

L=A,  p-h.  a(t,h)  =  a(t.h)  +  I(h,pt),  the  conditions  in  the  appendix.  Thus  we 

have  that  the  equation  (3.4)  has  a  unique  solution  (Z^ )  with  Z.eC([O.T],H) , 

2 

sup  EIIZ  II  <  ».  Further,  the  law  of  (Z  )  is  uniquely  determined  by 
t€T 

b.a.I,(fit).!£(Z0). 

Let  us  note  that  if  Z  is  a  process  with  paths  in  C([0,T],H)  with 

sup  EIIZ  II*5  <  »,  for  p>l,  then  t  — *v  '■=  S£(Z  )  is  continuous  from 
t€T  t  t 

[O.T]  — »#1(H).  This  follows  from 

Pl(VUt>  *  EI,Zt-Zs" 

and  Zg  — ►  Z^  as  s  — *  t  pointwise  and  IIZs~ Z t II  is  uniformly  integrable  since 

sup  EIIZ  llP  <  «. 
t£T 

Let  us  now  consider  the  McKean-Vlasov  equation 

(3.5)  dZt  =  -AZtdt  +  b(t.Zt)dWt  +  a(t,Zt)dt  +  I(Zt.!£(Zt))dt. 

A  process  (Zt)  is  said  to  be  a  solution  to  (3.5)  if  Z*  e  C([0,T].H), 

(3.6)  t  — ►  if(Zt)  is  a  continuous  function  from  [O.T]  — *  ^j(H) 

and  (Zt)  is  a  solution  to  (3.4)  with  p£  =  S£(Zt). 

In  the  next  section,  we  will  prove  that  for  any  Pq  €  ^(H)-  there  exists  a 
solution  (Z^)  to  (3.5)  with  1£(Zq)  =  p^.  We  will  now  prove  uniqueness. 

i  2 

Theorem  3.1:  Let  p^  €  ^(H)  •  Let  (Zt),  (Zf)  be  solutions  to  the  McKean-Vlasov 
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12  12 

equation  (3.5)  with  S£(Zq)=S£(Zq)  =  Pq.  Then  S£(Z#)  =  i£(Z^ )  (these  are  measures 
on  «  =  C([O.T].H)). 

Proof :  Let  p*  =  i£(Z*),  p2  =  i£(Z2).  Then  we  have 

(3.7)  dZ*  =  -AZ?dt  +  b(t,Z?)dW*  +  a(t,Z?)dt  +  I(Z*  p*)dt 

v  L  L  L  L  v  v 

where  W^.W2  are  cylindrical  Brownian  motions.  Take  another  probability  space 

A> 

with  a  cylindrical  Brownian  motion  (Wt)  and  a.r.v.  Zq  with  S£(Zq)  =  Pq.  Zq 

~i 

independent  of  (W^. ) .  Let  (Zt)  be  the  solution  to 

(3.8)  dzj  =  -Azjdt  +  b(t,Z?)dW  +  a(t,Z?)dt  +  I(Z*  p?)dt 

%*  v  L  v  L  L  L 

with  Zq  =  Zq.  Since  equation  (3.7)  admits  a  unique  solution  in  law,  it  follows 

~i  .  ~i  ~o 

that  i£(Z#)  a  !£(Z#).  So  to  complete  the  proof,  it  suffices  to  prove  Z^  =  Z^ 

~1  ~p  2 

a.s.,  and  since  these  are  continuous  processes,  that  EIIZ t  =  Z^ II  =  0  for  all  t. 
Now  we  have  (see  Appendix) 


l\  -  Vo  *  J,0s.-Sb<til>d,t  +  J'ost-,a< 

and  hence,  using  (2.6).  (2.7)  and  (3.3), 

(3.9)  EIIZ?  -  Z2II2  $  3C„  0(jIllSt  II2  C{4EIIZ1 
>.  t  2.2  0  t-s  H.S1  s 


t,zj)dt  +  j£st_si(zJ.p[)dt 

^2, ,2  2,  1  2. ,  ,  , 

=  Zsll  +  2p1(ps,ps)}ds>. 


Note  that 

212  12  ~1~22 

P>X)  *  P2<VV  *  ^s'*? 

since  tf(Zg)  =  if(Zg)  =  p*.  Thus 

(3.10)  Elizj-Z^ll2  S  18C2  2XQllSt  gll2EIIZ9-?ll2ds. 

Since  sup  EIIZ  Si  <  •  and  /TllS  ll2ds  <  ®,  Remark  A. 2  yields  Elizj-Z2!!2  =  0. 
t£T  1  0  t_s  1  1 
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This  completes  the  proof. 


□ 


Martingale  problem. 

For  f  €  C^(IRn) ,  let  U  f:  H  — »  IR  be  defined  by 
(3-11)  (Unf)(h)  =  fKh.^) . (h.*n)) 

and  let  SD  =  {Unf:  f  €  C^(Rn) .  n  *  1}.  Let  d  be  defined  by 


(3.12) 


W)(h) 


1_ 

2 


2  (b^t.h^.b^t.h^U^Kh) 
ij-l 


+ 


n 


2  (a(t.h)  -  X  h.+  )(U f  )(h) 
i=l  n 


where  f^ 


i  ‘ 


Let 


(3.13) 

and 

(3.14) 


*<VKW  =  MKVV'WV 

^(Unf)(hrp)  =  XH'(V)(hi*h2),4(dh2) 


for  hj.hg  €  H.  ji  €  #^(H).  As  noted  in  the  Appendix,  if  (Zt)  is  a  solution  to 
the  McKean-Vlasov  equation  (3.5),  then  for  all  g  €  S 


g(Zt)  -  /o-sg(Zs>ds  -  J-^(Zs.Ms)ds 


is  a  martingale  with  u  =  if(Z  ).  This  leads  us  to  the  following  definition. 

s  s 

A 

Let  (Z£)  be  the  canonical  process  on  <  =  C([0,T],H). 

A  probability  measure  A  on  ’C  is  said  to  be  a  solution  to  the  McKean-Vlasov 
martingale  problem  if 

(3.15)  t  — »  AoZ^  is  continuous  from  [0,T]  — >#j(H). 
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and 

(3-16)  g(Zt)  -  JtfyZjds  -  /^g(Zg.AoZ;1)ds 

is  a  A-martingale  for  all  g  €  2). 

It  follows  from  Theorem  A. 2  that  A  is  a  solution  to  the  McKean-Vlasov 
martingale  problem  if  and  only  if  A  is  the  distribution  of  a  solution  to  the 
McKean-Vlasov  equation  (3.5).  These  remarks  and  Theorem  3.1  lead  us  to 

1  2 

Theorem  3.2.  Let  €  ^(H).  Let  A  ,A  be  solutions  to  the  McKean-Vlasov 
martingale  problem  with 

1^-1  2^-1 
A1q(Z0)  1  =  A^(Z0)  =  Mq. 

Then  AX=A2. 

Remark  3.1:  We  can  choose  a  countable  subset  9^  C  S  s.t.  (3.16)  is  a 

martingale  for  all  g  €  2)q  implies  the  martingale  property  for  all  g  €  2. 

Indeed,  for  each  n,  let  En  be  a  countable  dense  subset  in  C^(IRn)  and  let 

2L  =  {U  f:  f  €  E  .  n  2  1}. 

0  1  n  n  ' 

A 

Let  #(*6)  be  the  class  of  A  €  ^('fi)  such  that  (3.15)  holds. 

A 

It  is  easy  to  see  that  for  g  €  2)q,  (3.16)  is  a  martingale  under  A  €  &(<€) 
if  and  only  if 
(3.17) 

F(A)  :=  S  [g(Zt)-g(Zs)  -  J*^ug(Zu)du  -  Si  ^g ( Zu . A°Z~ 1 ) du ]g j ( Zf  )dA 

*€  1  m 

is  zero  for  all  r,<r„<...<r  <s<t,  g, . g  €  2L,  m^l.  Also  we  can  restrict 

l  Z  m  1  mu 

r, . r  ,s,t  to  rationals. 

i  m 

A 

Let  l  be  the  class  of  functionals  F‘-  £(*€)  — defined  by  (3.17),  for 

g.g, . g  €  2L,  r,£...£r  £s£t  rationals.  Then  t  is  a  countable  class,  and  we 

l  m  u  i  m 


have 
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Remark  3.2:  A  €  PC'S)  is  a  solution  to  the  McKean-Vlasov  martingale  problem  iff 
F(A)  =  0  for  all  F  €  I. 

4.  Propagation  of  chaos  in  Cf [0 , T] , H) 

We  return  to  the  setup  of  Section  2.  We  assume  conditions  (2.3)-(2.8)  and 

{2. 11)— (2. 13)  throughout  this  section.  Thus  by  Theorem  2.2,  Po(T^)  *  is  tight 

(in  3>(#(<6))).  We  need  to  identify  the  limit  points  of  this  sequence.  Let  us 

fix  a  subsequence  N*  such  that  Po(T^  )  *  converges,  i.e.  converges  in 

distribution  to  say  T.  T  is  a  £(“6)  valued  random  variable. 

We  will  show  that  T  =  Aq  a.s.  where  Aq  is  the  unique  solution  to  the 

-_1 

McKean-Vlasov  martingale  problem  with  Aq°Zq  =  Pq.  This  will  prove  that 

po(T^)  1  converges  in  95(£('(?))  to  5.  . 

A0 

For  A  €  ^(<€) ,  let 

(4.1)  d(A)  :=  xl  X  HZ  ll2dA  dt. 

u  <e  z 

Now 

Ed(TN)  =  EXl  r-  2  HX^'Vdt 
i=l  Z 

*  TC2.8 

(see  (2.19))  and  hence  by  Fatou’s  lemma,  Ed(T)  £  TCg  g.  In  particular, 
d(T)  <  09  a.s. 

Fix  F  €  2  defined  by  (3.17).  Then 

(4.2)  F(A)  =  X  X  G(Z.,Z;)dA(Z#)dA(Z;) 


G(z.,z;) 


[g(Zt)-g(Zs)-X^ug(Zu)du  -  X^g(Zu.Zu)du]. 


A  A 


A  A 


m 


where 

(4.3) 
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Thus  G  is  a  continuous  function  on  and  further 

(4.4)  |G(Z..Z;)|  s  Cp{l  +  J-J  IIZulldu  +  jJ lIZMIdu} 

where  Cp  is  a  constant  depending  on  F  and  Cg  Thus  F(A)  can  be  defined  by 
(4.2)  for  all  A  with  d(A)  <  «.  In  particular,  F(T)  is  well  defined. 

Lemma  4.1:  E[  ^(1^'  )  |]  — »  E[  |F(T)  |] 

Proof :  For  k^l,  let 

(4.5)  F.  (A)  :=  J*  J*  (Gv(-k)T  kdAdA. 

K  <g  <€ 

Then  F^  is  a  bounded  continuous  function  on  #('€)  and  hence  F^(T^  )  — *  F^(T)  in 
distribution  and  |Fk(A) |  £  k.  Thus 

(4-6)  E[|Fk(rN‘)|]  —  E[|Fk(D|]. 

Moreover , 

(4.7)  E|Fk(rN’)-F(rN’)|  <;  EX|G|.l{|G|>k}dTN'drN' 

i  EJ*  iG^dl^'dr”’ 

S  i  E(3C^(l+2d(rN  ))} 

^  r  *  3CT(l+aTC2.8)* 

E|Fk(r)  -  F(r)|  S  iE{3C^(l+2d(r)} 

^  I.  3cj?(l+TC28). 

The  familiar  e/3  argument  and  (4.6),  (4.7)  and  (4.8)  yield  the  result.  O 

Lemma  4.  2:  ECfV*)]  —  0. 


Similarly 

(4.8) 
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Proof :  Note  that 


(4.9) 


N 


FCr1*)  =  £  2  [g(xj*  1)-g(X^f  i)-J*^ug(X^’  1)ds 


i=l 


N 


j=l  1  m 


By  considering  the  martingale  problem  corresponding  to  the  system  of  equations 
(2.9)  (as  in  the  Appendix),  we  can  deduce  that 

M \  :=  gfX^*1)  -gfX^1)  -  /XgP^Jds  -  Si  ^ 

is  a  martingale,  for  i/j,  M*,M^  are  orthogonal  martingales  (i.e.  M*M^  is  a 
martingale)  and 


where  g  =  U  f.  f,=  3-—  f.  Thus 
n  k  ox. 


(4.10) 
and 

(4.11) 


E[(M*-M*)(M*-  Mf)|^]  =  0 


E(Mj  -  m*)2  1  c4>2T 


where  Cj  ^  is  a  constant  depending  on  F  and  Cg  j.  Thus 

EF2^)  ^NC42T-  0. 

Together,  these  Lemmas  yield 


Theorem  4.3:  F(T)  =0  V  F  €  t,  a.s. 


Proof :  Note  that 
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{E|F(H|}2  =  lim  {E|F(rN’)|}2  1  lim  E[F2{F^  * )  ]  =  0. 

N’  N* 

Hence  F(T)  =  0  a.s.  Since  I  is  a  countable  class,  the  result  follows.  □ 

A 

We  now  need  to  show  that  T  €  £(<g)  a.s.,  i.e.  vt  :=  T  o  {Z t )  belongs  to 

C([0,T],#^(H))  a.s.  Then  we  can  invoke  Remark  3.2  to  conclude  T  =  Aq.  Let 

N 

irj  :=  1^ o(Z  )  ^  s  j  2  5  »  .  .  We  first  show  that  P°(i>^)  *  is  tight  in 
*  1  ”  i=l  Xj'1 

^(^([O.T],#!^))) .  The  following  lemma  will  be  used  in  the  proof. 


Lemma  4.4: 

(4.12)  ll(Ts-I)hll  i  ll(Tt-I)hll  V  s  i  t.  h  €  H. 

(4.13)  lim  sup  E[ II (T  —  I )xj? ’  1II]  =  0. 

t-O  N 


Proof : 


2  °°  ~Ncs  2  2 

ll(T  -I)hir  =  2  (e  -1)Z(«,  ,h)Z 

k=l 


•  ~V  2  2 

=  2  (e  -im.hr 

k=l 


=  l|(Tt-I)hir. 


Since  Po(X^’*)  *  — »  in  #(H),  we  can  assume  without  loss  of  generality  that 

xj*1  — »xj  a.s.,  with  Po(Xq)-1  =  pQ.  Moreover.  EHX^’ 1 II2  ^  C2  5  implies 

(4.14)  Elixj’1  -  xjll  — »  0. 


Since  II (T t~ I ) II  £  2,  we  get  from  (4.14) 


(4.15) 


sup  EII(Tt-I)(xJJ’1-x£)ll  *  EIIX|J,1-X*II  —  0. 
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Given  e>0,  let  Nq  be  s.t.  for  N£Nq,  L.H.S.  in  (4.15)  is  £  e/2.  Since  for  each 
N.  EII(Tt-I)X^,1ll  — »0  as  t  1  0.  choose  tN  >  0  s.t.  t£t^  implies 
EII(Tt-I)xJ,1ll  £  e.  Also  let  tQ>0  be  s.t.  t£tQ  implies  Ell (Tk~I )XqII  £  e/2.  Now 
for  t  £  t  :=  minCt-.t, . tN  ),  we  have 

u  l  nQ 

sup  EII(T  -I)xJ!,1ll  £  e.  □ 

N  C  U 


To  show  the  required  tightness  in  the  next  result  we  will  use  the  fact 
that  if  K  is  a  compact  set  in  £(H) ,  then  for  all  C  <  “, 

K.  =  K  D  {v  €  ^(H)  :  Jllhll2pt(dh)  £  C} 


is  a  compact  subset  in  S^(H). 


N,-l 


Theorem  4.5:  P  o  (u.)  is  tight  in  £(C([0,T],#j(H))) . 


N%-1 


Proof :  We  already  know  that  P°(i>t)  is  tight  in  £(H) .  Moreover 


N 


E{J  llhll2^(dh)}  =  E  1  2^  IIX^,ill2  *  C2  g. 


Thus,  using  the  comment  made  just  before  the  statement  of  the  theorem,  for  e>0, 
we  can  find  a  compact  set  Kfe  t  in  #^(H)  s.t. 

p<"t€K«.t>  >  '-£- 

In  what  follows  we  use  the  notation  of  Section  2.  For  0£s£T.  s+t£T. 

from  (2.21)-(2.23)  we  have 

(4.16)  E[IIXJ;*  -  X^’1ll|/]  $  E[IITt+sx2'1-TsX^’1ll  |/]  +  E[IIV^+s-/ll  |/] 

<;  E[II(T6-I)X^’1II  |/]+{e[iiv^+sV|ii2  |/]>* 

$  ED?*1^)  I  /] 


20 


where 


N 

(4.17)  ^(S)  =  II(T5-I)xjj’jll2  +  C2  1[t7(5)]i4j'J(l+IIX^*jll2  +  1  ^IIX^,jll2)dr. 
Now  using  Lemma  4.4,  (2.19)  and  a(6)  — »  0  as  6  — ►  0,  we  get 


(4.18) 


sup  EU^‘ J(5)  — »  0  as  5  — *  0. 
N 


Moreover,  p.(t/?  ,u^)  ^  l  I  IIX^’^  -  X^’^ll  so  that 

^lv  t+s  s'  N  s+t  s 

S  E[i  2  5”' J{«)  |*jj] 
j  =  l 

S  bFcs)  |s”] 


where  1^(6)  =  =■  2  U^fS).  Since  EU^^S)  =  EU^1^)  by  symmetry,  (4.18) 

J=1 


implies 


sup  £(^(6)) 
N 


as  6  — ►  0. 


This  completes  the  proof  of  the  theorem,  (see  Ethier-Kurtz,  [3]). 


We  are  now  in  a  position  to  prove 


Theorem  4.6:  f  €  #(<€)  a.s. 


Proof :  Recall  that  T^  converges  in  distribution  to  T.  Now  by  Theorem  4.5 


N\-l 


P°(u.  )  is  tight  in  £(C[»  .TJ.^fH)))  and  hence  for  s  subsequence  (N")  of 


N'\-l 


P°(u.  )  converges  in  #(C([0,T] .9^ (H) )) . 


<N*>. 
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Thus 

Po(TN  ,u^  )  *  converges  in  £(#('€)xC([0,T] ,£^(H))) 

to  say,  Po(r.u)  Since  °(Zt)  *  =  ,  it  follows  that  r®( Z^)  *  =  v^. 

Thus 

A 

t  — ►  To( Z£)  is  continuous  from  [0,T]  to 

A»  A  A/ 

i.e.  T  €  #(<€).  Since  S£(T)  =  S£(r).  we  conclude  that 

T  €  #(<€).  D 

Theorem  4.8:  (a).  Let  p.Q  €  ^(H).  Then  there  exists  a  unique  solution  Aq  to 

-  _i 

the  McKean-V lasov  martingale  problem  with  Aq  °  (Zq)  =  Pq. 

(b)  r”  — »  Aq  in  probability  (as  a  #('€)-valued  r.v.). 

Proof :  Theorems  4,3  and  4.7  imply  that  if  T  is  any  subsequential  limit  of 
(!*>.  then  T  €  #(*€)  a.s.  and 

F(T)  =0  V  F  €  t  a.s. 

~  -1 

Thus  r  is  a  solution  to  the  McKean-Vlasov  martingale  problem  with  I~o(Zq)  =Pq. 
This  shows  existence  of  Aq  as  in  (a).  Uniqueness  of  Aq  follows  from  Theorem 
3.2.  So  now  we  get  T  =  Aq  a.s.  Thus,  all  subsequential  limits  of  {r^}  are 
equal  to  An.  Since  {T^}  is  tight,  this  gives  Po(r^)  *  — *  6.  in  £(?(€)),  and 

u  Aq 

hence  — »  Aq  in  probability.  □ 

5.  Propagation  of  chaos  in  C([0,T] ;C(G) ) . 

Let  us  now  assume  that  H  =  L^(G) ,  where  G  is  a  bounded  region  in  .  Suppose 
further  that  the  semigroup  (T t )  generated  by  -A  satisfies  the  following 
additional  conditions: 
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T  is  an  integral  operator  given  by  a  symmetric  kernel  p(t,x,y): 

(5.1)  Ttg(x)  =  JGp(t,x*y)g(y)dy*  t>0- 
We  put  Tggjx)  =  g(x).  for  g  €  L2(G). 

(5.2)  Ttg(x)  is  jointly  continuous  in  (t.x)  for  g  C  C(G) 

(5.3)  |ptt,x.y)|  *  C5 A  t~6  for  0<6<1 

(5.4)  |  p( t.x.y)  |  i  C  gt^expf-Cg  3  |y-x  |*Vr) .  t>0 

3y 

with  a-r/p  <  1  for  each  i 

(5.5)  S  |p(t.x.y)|dy  i  Cg  3  for  t>0. 

Under  these  conditions  on  (A.T  ).  we  will  show  that  the  ^‘(x)  admi  t 
versions  in  C([O.T] .C(G))  and  that  r^.  defined  in  Section  2  converges  in 
probability  as  random  elements  in  #(C([0,T] ,C(G)))  and  as  a  consequence, 


A0(C([O.T].C(G)))  =  1 

provided  Pq(C( G))  =1.  We  begin  with  a  lemma: 

Lemma  5.1:  There  exist  constants  5^>0,  6^0  (depending  only  on  A)  such 

that  for  (Xtj^tg,  Xj.x^  €  G 

(5.6)J02  JG  (pftj-s.Xj.y)!  -pf^-s.x^yj^dyds  i  C5  I t2_t  1  I  1+IX2~XJ  2* 


Proof :  From  p(s,x.y)  =  p(s.y.x)  and  the  semigroup  property  one  gets 


(5.7) 


SG  p(u,x,y)p(v  x , y )dy  =  p(u+v,x,x). 


Using  this,  the  L.H.S.  in  (5.6)  equals 


(5.8)  fQ  (p(2t1-2s,x1  .xjl 


1-2s.x1.x1)l(sS  >p(2t2-2S.x2.x2)-2p(Vt1-2S.x1.xr) 

1  (sStj ) 

By  changing  variables  using  substitutions  t^-s  =  r,  tg-s  =  r 
-  -  s  =  r,  respectively  in  the  three  terms,  (5.8)  equals 

C1  l2 

S0  p(2r,x1.x1)dr  +  Xq  p(2r ,x?,x2)dr  -  2/(t  t  j/2  P(2r.Xj ,x2)dr 


t2+tl 


=  *1  +  *2 


where 


t  (t  +t  )/2 

Xj  =  V  p(2r * xj ,xj)dr  -  2X(t2-tl)/2  P(2r.x1.x2)dr. 


Let  us  write  Ij  i  1^  +  I ^  +  I13-  where 


X11  =  A> 


(ytp/2 


p(2r,Xj ,x2)dr 


*12  =  St  *  *  P(2r.x1.x2)dr 


tx 

X13  =  A>  lp(2r.x1,x1)  -  p(2r,xlfx2) |dr. 


From  the  inequality  (5.3),  it  follows  that 


(5.9) 


X11  +  X12  *  ^5.5^2  C1 


1-5 


Now  using  (5.4)  and  e  x  $  x  q  for  q>0,  we  have 

(5.10)  |p(2r,x1,x2)-p(2’-,x1,x1) |  =  |/g  (Xg-Xj ) -Vyp(2r ,Xj ,x1+u(x2-x1 ) )du | 

i  C5  2|x2-Xj |t“aexp(-C5  3uP|x2-x1 |^t  u) 
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<  CS.2lVxl|t'<,|C5.3|x2‘xl|Pt 

=  c5  2C|.3lx2-x1|1'Pqt'<”qV  ■ 


In  (5.10)  v 

r 

Since  a  =  s 
P 

have 


y 


< 


is  the  gradient  and  the  dot  stands  for  the  scalar  product  in  IR 
1,  we  can  choose  q  such  that  6^  =  l-/3q  >  0  and  a-qr  <  1.  Then  we 


(5.11) 


X13  *  C5.6  I 


Putting  together  (5.9).  5.11)  we  get  (5.6). 


□ 


Lemma  5.2 :  Let  f:  [0,T]xfi  — >  L(H,H)  be  a  measurable  (?*)-adapted  process  such 
that 

(512)  "f"L(H.H)  <■  C5.7  <  *•  (»=L2(C)). 

Let  W1"1  =  W  )  and  let 
t  t'  n' 

09 

(5.13)  ft(x)  :=  1  JQ[XG[fgP(t.x.-)](y)^n(y)dy]dW^  . 

n=l 

Then  f{(x)  Is  a  version  of  the  L^(G)-valued  process  f t=^0^t-s^s^s " 

Proof :  Since  (W^:  n^l)  is  a  family  of  independent  Wiener  processes,  the 
convergence  of  series  appearing  in  (5.12)  follows  from 

00 

E  I  /'(f*p(t-s.x.-).^n)2ds  =  Ej^llf*p(t-s.x.-)ll  2  ds 

n=l  L  (G) 

i  C-  7J*llp(t-s.x.  *)l|2«>  ds 
&  U  LZ(G) 

=  C&  7J"q  p(2t-2s,x.x)ds  <  <*>. 
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Moreover  for  h=h(x)  £  L  (G) .  we  have 


(5.M) 


/ft(x)h(x)dx  =  I  *)-*n)h(x)dx]dW! 

n=  1 


n=l 


*  J'o<fsTt-,h-d'»> 

-  <h  J'oTt-Sd,S) 


Since  (5.14)  holds  for  all  h  £  L  (G).  it  follows  that  fjx)  is  e 

□ 


Ve  are  now  in  a  position  to  prove 


Theorem  5.3:  Suppose  that  (2.1),  (2.3)-(2.8).  (2. 11)— (2. 13).  (: 
Further,  suppose  that 

(5.15)  x£J(-)  €  C(C).  KKM 

and  for  some  p£l.  such  that  pdj  >  2(l>e).  >  2(1 ♦e )  with  tM) 

are  as  in  (5.6) ) . 

«XS',“P  S  S  8-  ";1 

Then,  the  processes  X^'1  admit  versions  X^'1  such  that 
l?1'1  €  C([O.T].C(C))  2  C( [0. T]xG) 


Pi  oof •  Note  that  in  view  of  Theorem  A.  there  exists  a  constant 
on  C 2  j  and 


‘"P  =5.9 


C5 


8 


such  that 


version  of  f 
*  t 


.  1 ) - ( 5  5 )  hold 


(where  6j . 


C,  n  depetid ;  -uc. 
r>  9 


(5.16) 
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for  ail  t€[O.T].  1^1.  New  write 


where 


*(x)  =  ^‘(x)  ♦  Y^'2(x)  ♦  r^3(x)  ♦  Y^V) 
Y^-  1  (x)  =  Jp( t ,x.y)x£- *(y)dy 


(the  version  given  by  Lean  5  2). 


A3(x)  =  (^oTt-sa(sXs  1)d*)(x) 

=  f^Jp( t-s.x.yJafs.X^’ 1 )(y)dyds 


Y^V)  =  i  I^p(t-..x.y)I(X^l.X^J)(y)dydS 


For  t  j  'j 1 2 ■  xj  x2  €  ^  **  h**ve 

(5  17)  E|Y*'2(iO-Y*-2(x  )|' 

2  1 


-  CpE|;o2,,b"(‘  ^  1)<p(V,  x2  *)_p(tr#rxi  ‘^(s^tjj^1^51 


|P/2 


2^.|P^ 


i  V?  ii;o  «P(t2-»  x2..)-p(t1-s.x1..)l{5iti>}«  d.1 


<j  yl?  4  *x2-xJ  * 

‘  C5  10{|t2-tl,I*€4,VXi!l"€) 


2i  p/2 


Or.  'he  other  hand 


(•.15)  \  y  3(o-r*  V 

2  i 
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*  El-r^G{p(t2‘six2iy)b{si^,1)(y)'p(trs,xry)b(s-x^‘1)(y)1(s$t1)}dyds|P 

i  EU02-rG{p(vs*x2iy)'p(trs-xi*y)1(s^t1)}2dsdy  J02||b(s>x!!['1)i|2ds]p/2 

S  ECS.4{|t2_tl|6l+|x2'Xl|62}‘;02(1+,IX^'1||2)ds]P/2 

*  IVM  ,1+S  (VX1  |1+£-Xo2(Ue,|X^'  1HP)ds 

*  C5.11{|t2"tl!l+%|x2'Xl|1+£>- 

Simi larly 

(5.19)  E|Y?24(*2)-Y?iV1)IP  i  C5  12(|t2-t1|“S|x2-x1|1+6>. 

Here  Cg  jQ-Cg  11*^5  12  do  1101  on  N.  1°  view  of  (5.17),  (5.18)  and 

(5.19) ,  it  follows  from  a  well-known  result  (see  [4])  that  Y^‘^(x)  admit 
versions  yJJ'^(x),  j=2.3.4.  such  that 

Y^,J(-)  €  C([O.T]xG)  s  C([O.T].C(G)). 

In  view  of  (5.2).  Y^’*(«)  €  C([0,T]xG).  Hence  it  follows  that  X^’*(*)  admits  a 
version  X^’*(»)  €  C([0,T].C(G)).  Similarly,  we  can  construct  versions  of 

X*’1.  1=1,2 . N. 

Let  P*  =  ^-  We  regard  P*  as  a  random  element  of 

^(^([O.T] ,C(G) ) ) .  Since  Jp’*  is  a  version  of  X^’*t  it  follows  that  ?*  is  a 
version  of  P*.  We  will  now  show  that  the  sequence  P*  converges  in  probability 
in  C([0,T] ,C(G) ) . 

Theorem  5.4:  Suppose  that  the  conditions  of  Theorem  5.3  are  satisfied.  Further 
assume  that 

(5.20)  P'KXJJ'1)"1  —Zq  in  #(C(G)). 
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Then  we  have  the  following  conclusions: 

(i)  PofX™)-1  is  tight  in  *(C([O.T].C(C))); 

(ii)  PoCrV1  Is  tight  in  *(#(C([O.T.C(C)))); 

(iii)  If  A „  is  the  ’inique  solution  to  the  McKean-Vlasov  martingale  problem  with 

v 

Aq<>(Zq)  *  =  Pq.  and  Aq  is  its  restriction  to  C([O.T] ,C(G) ) .  then  P*  — ►  A^  in 
probability  in  *(C([O.T] ,C(C))) . 

Proof :  The  estimates  (5.17).  (5.18)  and  (5.19)  imply  that  Po(Y^'^)  *  are  tight 
in  *(C([O.T].C(C))  for  j=2,3,4. 

From  (5.5).  it  follows  that  if  — ►  g^  in  C(G)  (uniformly)  then 
(Ttg^)(x)  — »  (TtgQ)(x)  uniformly  in  (t.x)  €  [0,T]xG.  This  observation  and 
(5.20)  imply  that 

P°(Y^‘ 1 )_1  converges  in  *(C([0.T],C(G))) 

and  hence  Po(X^’^)  *  is  tight  in  #(C[0.T].C(G))  where 

£N.  1_  pi.  1  +  ^N.2  +  ^Ti,3  +  £N,4 

This  proves  (i).  (ii)  follows  from  (i).  The  proof  is  the  same  as  that  of 
Theorem  2.2.  We  only  have  to  replace  'C  by  C([0,T] ,C(G)) .  Now, 

P  (PV1  =  Po(rN)~1  converges  in  #(<€)  (Section  4).  Moreover, 

C([0.T].C(G))  C  C([0.T],L2(G))  =  <£  and  Pofp)-1  is  tight  in  *(C([0.T].C(G))) . 
Hence  it  follows  that  Po(P*)  *  converges  in  #(C[0,T],C(G))  to  say  Aq.  Then  Aq 
is  the  restriction  of  Aq  to  C([0,T],C(G)) .  This  proves  (5.21).  0 

Appendix 

Let  Jf  be  a  separable,  real  Hilbert  space  with  inner  product  (*.*)  and  norm 
II* II.  Let  L  be  a  self-adjoint,  non-negative  operator  on  3f  with  dense  domain 
and  such  that  L  has  a  discrete  spectrum  (p^)  with 
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(A. 1 )  pn  ~  cn1+6  (c>0,  6>0) . 

We  denote  the  eigenfunctions  of  L  by  { \p and  the  semigroup  of  which  -L  is 
the  generator  by  St-  Note  that  for  0  >  1/1+6  we  have 

m 

(A. 2)  I  p"d  <  » 

n=l  n 

a  fact  that  will  be  used  often  in  what  follows.  Note  that  we  also  have 

~V 

(A-3)  =  e 

Let  (Wt)  be  a  cylindrical  Brownian  motion  on  H.  (defined  on  some  complete 
probability  space  (9.5. P). 

Consider  the  SDE 

(A. 4)  dYt  =  -LYtdt  +  0(t.Yt)dlt  ♦  a(t.Yt)dt. 

where  0:  [O.T]xJI  — ♦  L(J.W),  a:[O.T]<i  — *  Jf  are  continuous  functions  satisfying 
conditions  as  in  Dawson  [2]. 

(A. 5)  lip"(t.h)*kH  $  CA  j 

(A. 6)  lla(  t . h ) II  i  CA  j(  1+llhll) 

(A  T)  ll(0**(t.h1)-0W(t.h2))^ll  *  CA  g'lhj-^H 

(A. 8)  Ha(t.hj)  -  aft.h^ll  $  CA 

for  constants  CA  j.CA  ^  and  for  k£l.  h.h^.hj  €  f,  0£t£T.  0*  denotes  the 

adjoint  of  0  and  L(ff.Jf)  is  the  space  of  continuous  linear  operators  from  I  to 
*•  . 

Under  these  conditions,  (A. 4)  can  not  be  interpreted  as 
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Yt  =  Y0  *  J0"LYsds  *  ❖  <sYs>dWs  *  J'oa<s'Ys>ds 

as  the  stochastic  integral  J^3(s.  Y^JdW^  not  b*  defined  and  a  priori.  Y  may 

not  belong  to  the  domain  of  L.  Instead.  (A. 4)  is  to  be  interpreted  as 


(A. 3) 
Since 
(A. 10) 


Y,  -  StY0  *  ■r0S.-s«’’Y.>dW,  *  ■r0S.-s«‘‘-Ys>d!> 


■  E'>  (s-VSt-,"H-Sds 


-  EX'  T  )St.A«2dS 

k=l 


•  -2( t-s)pL 

o  HP"(s.Ys)^k«rds 


=  E Si  I  e  ““  '  “  ' -  " 


k=l 


“  M  _2tPki 

<  c  J  1-— * - 1 


<  ■ 


in  view  of  (A. 2).  the  stochastic  integral  appearing  in  (A. 9)  is  well  defined. 

I.  I'h  S  above  is  Hi  Iber  t-Schmidt  norm. 

Def ini tion:  A  measurable  process  { Y  ^ )  is  said  to  be  a  ml  Id  solution  to  (A. 4) 
if 

JqIIY(  t  ,«)ll2dt  <  -  a  s. 

and  if  (A. 9)  is  satisfied  for  all  t. 

The  following  result  is  due  to  Dawson  [2]. 

Theorem  A.  1 :  Let  EIIY^II^  <  •  and  Yq  be  independent  of  (W{).  Then  (A. 4)  admits 
a  unique  (up  to  P-null  sets)  mild  solution  (Y^)  in  the  class  of  measurable 


processes  satisfying 
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(A.  11)  sup  EIIY  II2  <  ». 

t£T 

Further  (Y^)  can  be  chosen  to  have  paths  in  C([0,T],*).  See  Remark  A. 3  below 
for  an  outline  of  the  proof  of  Theorem  A.l. 

It  is  to  see  that  (Yt)  satisfies  (A. 9)  iff 

Y^  :=  satisfy  for  k£l 

k  _pkc  k  t  «  r  ~Pk^t~s) 

(A.12)Y*=e  KYj  +  /'(e  k  0  (s.Y^.dW^  +  j‘e  *  (a(s,Ys)  .^)ds 

An  elementary  computation  shows  that  (A. 12)  is  equivalent  to 

(A.  13)  dY^  =  -PkY^dt  +  (0M(t.Yt)^.dWt)  +  (a(t.Yt).^)dt. 

Thus,  it  follows  that  (Yt)  is  a  mild  solution  to  (A. 4)  iff  Y^  :=  (Y^^) 
satisfy  (A. 13)  for  k^l. 


Martingale  problem  corresponding  to  (A. 41. 

For  f  €  (^(F11) .  let  Uflf  :H  — »  R  be  defined  by 

(A- 14)  (Unf  )(h)  =  f((h.^) . (h.^)). 

For  F  C  C^r").  ..  write  f,  £-  f.  f,j  =  gf-  f,. 

Let  *  =  {Unf:  f  €  (^(R11).  n  l  1}  and  let 


(A. 15)  *t(Unf)(h) 


2  i(0**(t.hHi.0M(t.hHJ)(Unflj)(h)^Ya(t.h)-p1h.^i)(Unf1)(h). 


If  (Y()  is  a  mild  solution  to  (A. 4)  then  (A  13)  is  satisfied,  and  hence  for  all 


g  €  ®, 
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(A  16)  g(Yt)  -  J^sg)(Ys)ds 

is  a  martingale,  and  hence  Pj  :=  P°Y  *  is  a  solution  to  the  (i?t)-mart  ingale 
problem  on  :  =  C([0,T],3().  This  means  the  following.  Let  (ft)  denote  the 
canonical  process  on  flj .  Then 

(A. 17)  g(ft)  -  /£(*sg)(fs)ds 

is  a  Pj -mart ingale .  We  have  the  following  converse  to  this  observation. 

Theorem  A. 2:  Let  Pj  be  a  solution  to  the  (^t)-martingale  problem 

(Pj  €  3>(C( [O.T] . *) ) ) .  Then  Pj  is  a  'weak  solution'  to  (A. 4).  i.e.  P^  is  the 

distribution  of  a  mild  solution  to  (A. 4)  on  some  probability  space. 

Proof :  Using  (A. 16)  for  g  =  U^f  for  f  €  (^(R0),  it  follows  using  standard 

arguments  that 

(A.  18)  <  =■  (ft.\)-(f0.\)-J'o(«(».f5)-V,*k>dt 


is  a  local  martingale,  with  continuous  paths  and 

(A.  19)  <Mk,MJ>t  =  S^{P*{s,5s)+k,p*(  s,fs)^)ds. 


As  a  consequence. 


(A. 20) 


E  sup  |M*|2  S  (C  )*T 
t$T  c  1 


and 


(M^) 


is  a  square- integrable  martingale. 


Let 


Then  using  (A. 20)  and  (A. 2).  one  has 
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11  k  2 

E  sup  II  2  N  II  — *  0  as  n.m  — ►  00 . 
t£T  k=m  C  K 

Hence  N£  :=  is  an  3f-valued  martingale  with  continuous  paths.  Since 

<">Jt>  =  j'^V<s.fs)ve"(s'f,>Vds 

=  J'o(P’*(s-fs)A",<+k'(5"(s-fs)A"l<'''iJ)ds 


it  follows  that 


<N.N>  =  J*G*G  ds 
t  0  s  s 


where  Gg(w)  =  A  |3(s.fg(<j)) . 

Using  arguments  as  in  the  proof  of  Theorem  IV. 3. 5  in  Yor  [7],  one  can  conclude 
that  there  exists  a  31-valued  cylindrical  Brownian  motion  (Bt)  (perhaps  on  an 
enlarged  probability  space)  independent  of  such  that 

N  =  J^G  dB 
t  0  s  s 

so  that  N*  =  i'o(GXldBs)  =  OkV(s.gVdB«)‘  Hence. 

=  /qO  (s.fg)'/«k.dBs) .  This  and  (A.  18)  imply  that  (ft)  is  a  solution  to 
(A. 13)  and  hence  a  mild  solution  to  (A. 4).  □ 

We  will  discuss  later  the  question  of  uniqueness  of  solution  to  the 
martingale  problem.  We  first  obtain  an  estimate  on  moments.  Note  that  in 
(A. 10)  we  have  essentially  proved 


(A- 21) 


T9  1 

w;.sdt  s, 1  >• 

k=l  k 


i  I  —  =  C.  .. 
k=l  pk  A  4 


Let  (Yt)  be  a  mild  solution  to  (A. 4)  with  Y#€  C([0.T],3I).  Then 


for  p^2 
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(A. 22)  sup  EIIY  l!P  $  C.  .{ l+EIIYr.llP) 

where  ^  depends  only  on  ^  ,C^  ^  and  p. 

Proof :  First  note  that 

(A. 23)  IIStY0l|P  *  ,,Y0I|P‘ 

Next , 

E<St-S«s-Y»>dWs"P  5  CA.6E^>W<s'V"Ld*lP/2 

and  hence 

(A. 24)  E<St.sB(s.Ys)dWa»'>  i  CA  6-cJ _,-CA  „ 

as  seen  in  (A. 10).  For  the  dt  Integral  term  one  has 

(A. 25)  II Sq  St_sa(s.Ys)dsllP  <  ll/o"St-9''H.S''a(s.Ys)Hds  |P 

1  |XollSt_sll^sds)(^lla(s.Ys)ll2ds[p/2 

1  {CA.4)P/2cA.l[-f0(1  +  "Ysl,2)ds:|P/2 
$  CA  >7jJ(l+IPMIP)ds. 

If  we  knew  a  priori  that  the  L.H.S.  in  (A. 22)  is  finite,  we  could  combine 
(A. 23),  (A. 24).  (A. 25).  take  expectations  and  complete  the  proof  using 
Gronwall’s  inequality.  To  overcome  this  difficulty  we  proceed  as  follows  Le 

g  (u)  =  C(1  ♦  i  sup  HY  (w)llP)"1 
t$T 

where  C  is  chosen  st  that  Jg^dP=l  and  let  dP^  *  g^dP.  L*t  denote  J"*dPk 
Since  g^£l.  11  f°^ows  that  E^(f)  i  E  ( f )  for  f  2  0  and  hence  (A  24)  holds  with 
E  replaced  by  E^.  Taking  expectation  in  (A  23).  (A. 25)  with  respect  to 
using  Cronwall’s  lemma  we  get 


am 


(A. 20) 


sup  ElcUYtMP  S  CA  5('*Ek"„«P). 

Since  g^  — »  1.  (A. 22)  follows  from  (A. 26)  by  dominated  convergence  0 

Remark  A . 1 .  Note  that  the  result  proved  above  gives  a  proof  of  the  fact  that 
any  solution  Y  €C([0,T],J)  of  (A. 4)  must  satisfy  (All; 

Lemma  A . 4 :  Let  f  €  L([0.T])  and  f  i  0. 

(i)  Suppose  g.6  are  nonnegative,  bounded,  measurable  functions  on  [0.T]  svjch 
that 

(A  27)  g(t)  $  /of(t-s'{g(s)  ♦  6(s)}ds.  t  €  [0.T] 

Then,  there  exists  a  finite  measure  p  on  [0.T]  depending  only  on  f.  such  tha: 

*up  g(t)$  J*6(u)p(du) 
t$T  U 


(ii)  Suppose  g^.6^  are  sequences  of  bounded  measurable  functions  such  tha 


8^(0  $  /Qf(t-*)(8n(s)  ♦  6n(s))ds.  nil.  t€[0.T] 


Further,  suppose  5  (s)  i  C  and  6  (s)  — »  0  as  n  — •  •  Ys  Then 
n  n 


sup  a  ( t )  — *  0  as  n 

t*T  ^ 


Proof  (i)  Without  loss  of  generality,  we  can  assume  that  g  is  increasing 
Now.  repeatedly  using  the  inequality  (A  27)  we  get 
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It  follows  that  for  any  integer  k£l. 


(A  28) 
where 

(A  29) 


g(T)  S  a!  +  \  *  \g(T) 


%  =  sl--.il  f(», ) 

<Vi 


ST) 


ds,  .  ds. 

1  k 


and  is  defined  similarly  with  6=1.  Now 

\  =  /  ^(ujM^du) 

where  €  f([O.T])  is  defined  for  B  €  S([O.T])  by 

V3'  -  *1  f<Vdsr-  dV 

Note,  =  ^([O.T])  Now 


V[°  ni  -sT0 .  .sT0i  /t-,) 


ds. 


S  exp(aT)  n  S  exp(-as  )f(s  )ds 
i  =  l 


Choosirig  a>0  such  that  J^expJ -as ) f  ( s )ds  i  X,  we  get 

\  =  ^([O.T])  $  exp(aT)(K)k. 

00 

Ihus  b^  — *  0  Moreover,  since  S^_^fi^([0,T])  <  •  and  thus 

M(B)  \^(*) 


defines  a  finite  measure  on  [O.T],  Now 


g(T)  i  2  a  =  2  /SCujM-fdu)  =  /6(u)M(du) 

1  =  1  .:=  1 
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This  proves  (i).  ( i i )  is  an  easy  consequence  of  (i).  □ 

Remark  A .2-  It  follows  from  the  preceding  lemma  that  if  g  is  bounded 
nonnegative  and  measurable,  f  is  nonnegative  and  integrable  on  [O.T]  and 

g(t)  £  jQf(t-s)g(s)ds.  OitiT 

then  g(  t)  =  0. 


Theorem  A. 5:  Let  Then  there  is  a  unique  solution  to  the  ((Sf^J.Pg) 

martingale  problem  on  C([0,T],3f). 


Proof :  In  view  of  Theorem  A. 2,  A. 3  it  suffices  to  prove  that  if  ( )  is  a  mild 

solution  to  (A. 4)  with  P°Yg*=Pg,  then  the  law  of  ( Y t )  is  uniquely  determined. 
Let  ( Y t )  be  a  mild  solution. 

Let  A  =  {0=tQ<t1<. . .<tra=T}  be  a  partition  of  [O.T]  with 
I A  |  =  max  lt1+1~t1l-  For  t€[0,T] .  A(t)  :=  tj  if  Let  ?t  =  be 

defined  as  follows:  for  tg^t^tj, 

*t  =  StV'03t-sP<S’VdWs  +  ❖t-sa(S‘Vds' 

It  follows  that  {Y£:  0£t£tj}  is  a  functional  of  {Yg.fW^)}.  Then  for  tj<t<tg 


\  -  vstVstlv';1s,-s«s'V'i,s  * 

<v 

It  again  follows  that  {Y£:  t^<t^tg}  is  a  functional  of  {Yg,Yt  , (W#)}  and  hence 
that  of  {Y0.(WJ}. 

Having  defined  {Y  :  0<t£tj},  define  {Y^.:  tj<t£t^+^}  by 


<v 

It  then  follows  that  {Y£:  0^t^T}=F(Yg.(W#))  for  a  suitable  functional  F.  and  as 
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a  result,  the  law  of  { Y ^ )  is  uniquely  determined.  Now.  Y  satisfies 

(*  30)  ?,  *  StY0  *  /oSt-sS<s'':i(s))dS  *  ❖t-s“<s’YA(s)>ds 

Proceeding  as  in  Theorem  A. 3.  it  can  be  shown  that 


(A  31) 


sup  EIIYj.ll2  <  CA  gE(  1+IIY0II2)  :=  CA  Q. 


Using  Lipschitz  conditions  (A. 7),  (A. 8)  on  a.0  we  can  conclude  that 

EIIYrV2  S  ^0IISt-S"H.SCA.2EIIYs-:?A(s)"2ds 


*  2CA.2J'5IISt-SllH.S(EIIYS-?s"2  *  EIIVYA(s)"2>ds- 


let  6.(s)  =  EIIY  -Y.,  .11  .  We  will  show  tnat  if  we  take  A  such  that  A  — >0, 

A  '  s  A(s)  n  n1 

then  fi  (s)  — »  0  This  along  with  (A. 31)  and  Lemma  A. 4  implies,  (writing 

a 

n 


5  Y 


(A  32) 


sup  EIIY  —  ?>2  -  0. 

HT 


It  will  then  follow  that  the  finite  dimensional  distributions  of  (Y#)  converge 
to  (and  thus  determine)  the  corresponding  finite  dimensional  distributions  of 


Fix  t.A  and  let  r=A(t).  Again  we  write  Y  =  Y  .  Then 


E,IVV'2  $  3{E»(St.r-I)SrY0ll2  ♦  /J'St.!lJ.s^1(.‘CA.4!ds 


and  hence 


(A  33) 


V)»  if  I A 


V’> *  3<;d4|"su"S.sdu  *  “(VAft)-1)^"2)- 
Unl  2 

0.  Jn  IIS  ll„  0du  — »  0  and  since 
U  u  n  .  o 


,:<St-A  (.)-I)Yo"2  5  2IIYo"2 
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and 

l,(St-A  (t)'I)To"2  “*  0  * 

n  n' 

the  dominated  convergence  theorem  implies  that  the  second  term  on  the  R  H  ‘s 
(A. 33)  goes  to  zero.  Hence 


This  completes  the  proof. 


(t) 

n 


0  for  each  t 


Remark  A . 3 :  Uniqueness  of  mild  solution  to  (A3),  in  the  class  of  measurab. 
processes  can  be  proved  by  getting  the  moment  estimate  (A  22)  (with  p=2)  for 
any  two  solutions  Y^.Y^  and  then  using  the  Lipschitz  conditions  and  Remark  K 
The  existence  of  a  C([O.T.Jf)  solution  can  be  proved  as  follows  Let  be  t 

orthogonal  projection  onto  the  linear  span  of  . *n)  (See  (A  3)  and  le- 

be  the  solution  to 


(A. 34) 


dY"  =  -Aw  Y°  ♦  w  ^(t.Y^dW  ♦  w  att.Y^dt 
t  n  t  n  t7  t  n  v  t7 


*2  *  Vo 


The  existence  (and  uniqueness)  of  solution  to  (A. 34)  can  be  proved  via 
routine  methods  as  it  is  essentially  an  equation  for  a  finite  dimensional 
process.  Again  our  Lipschitz  conditions  imply  that  EllY^-Y^ll^  — »0  Further 

arguments  as  in  Theorem  2.1  will  yield  that  {Y”J  is  "tight"  in  C([O.T].l) 
{Y^}  is  a  weak-limit,  it  can  be  proved  that  Y  is  a  mild  solution  to  (A  3) 


chaos  arid 
t  n  4pp 1  ec 
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